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Ⅰ. Introduction

Integrated sensing and communication (ISAC) is

envisioned as a key enabler for sixth generation (6G)

wireless systems, where sensing and communication

share a common platform and spectrum resource[1].

ISAC is expected to significantly reduce system costs

and improve spectral efficiency. To effectively bal-

ance sensing and communication performance, careful

beamforming design for ISAC transmission and re-

ception is essential[2-7]. However, optimizing ISAC

beamforming is challenging due to the presence of

two distinct and sometimes conflicting objectives.

Extensive research has been conducted on ISAC

beamforming optimization, with studies categorized

basewd on the adopted sensing metric. In [2] and [3],

the Cramer-Rao bound (CRB) on the target parameter

was used as the sensing metric. However, since CRB

depends on the target parameter, it is applicable only

when beam sweeping is performed with a tentative

estimate available. An alternative metric is the

Bayesian CRB (BCRB)[4-6], also known as the posteri-

or CRB[7], which represents the expected value of

CRB with respect to the prior distribution of the target

parameter. This allows BCRB to be evaluated and

used for ISAC beamforming design utilizing only the

target prior distribution.

Beamforming design based on the BCRB criterion

was studied in [5] for a multi-user ISAC system, in

which a base station (BS) serves multiple communica-
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tion user equipements (C-UEs) while sensing a target

via received echo signals. A key contribution of [5]

was demonstrating the opportunity to leverage the

well-established uplink-downlink duality of communi-

cation channels[8] for ISAC beamforming design.

However, the optimization algorithm for obtaining the

optimal ISAC beamforming vectors was not explicitly

derived in [5].

In this work, we address ISAC beamforming opti-

mization for a multi-user ISAC system using the frac-

tional programming (FP) approach[9]. Specifically, we

formulate a problem that minimizes the BCRB metric

while ensuring that the signal-to-interfer-

ence-pluse-noise ratios (SINRs) at C-UEs exceed a

given threshold level. We show that the BCRB metric,

which involves a 3-by-3 matrix inversion, can be sim-

plified to a closed-form expression by utilizing the

independence between the target parameter and nui-

sance parameters. To tackle the non-convexity of the

resulting problem, we employ the matrix quadratic

transform[9, Thm. 1], leading to a joint optimization over

primary beamforming and auxiliary variables. We

then develop an alternating optimization (AO) algo-

rithm that iteratively updates these variables, ensuring

monotonically decreasing BCRB values. Numerical

results validate the effectiveness of the proposed

ISAC beamforming design.

Ⅱ. System Model

As illustrated in Fig. 1, we consider a multi-user

ISAC system where a BS, equipped with  transmit

antennas, serves  single-antenna C-UEs while si-

multaneously sensing a target of interest using  re-

ceive antennas. The set of communication users’ in-

dices is denoted as   ….

2.1. Communication Channel Model
Assuming a flat-fading channel model, the received

signal at the –th C-UE is given by

  (1)

where  ∊  × is the channel response vector be-

tween the BS and C-UE  , ∊  × is the trans-

mitted signal vector from the BS, and ∼ 
is additive noise with variance  . The transmitted

signal  is subject to the power constraint:

 ∥∥ ≤ (2)

where  denotes the power budget. We define the
transmit signal-to-noise ratio (SNR) of the communi-

cation channel  as the ratio between the transmit

power budget  and the noise power    ,
i.e.,

   (3)

2.2 Sensing Channel Model
The transmitted signal vector  propagates through

the wireless environment and is reflected by the target

of interest before arriving at the receive antennas of

the BS. The received signal vector ∊  × is mod-

eled as

  (4)

where ∊ × represents the target response

channel matrix, and ∼ denotes the addi-

tive noise vector. The complex reflection coefficient∼ here captures the effect of the radar

cross-section (RCS), while the remaining factor

∊ × of the target response channel de-
Fig. 1. Multi-user ISAC system
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pends on the angle-of-arrival (AoA) ∊  as

  (5)

where  ⋅ ∊  × and ⋅ ∊   × are

the receive and transmit steering vectors given by

    sin ⋯ sin  
for ∊ under the assumption of uniform line-
ar arrays (ULAs). Similar to (3), the transmit SNR

of the sensing channel  is defined as the ratio

between the transmit power budget  and the noise

power of each receive antenna  ∥∥   ,
i.e.,

  
It is worth noting that, to highlight the core idea of

applying FP to ISAC beamforming design, we focus

on a simplified scenario without interference from po-

tential clutters or uplink transmissions in the echo sig-

nal  . Extending the design to more practical scenar-
ios involving such interference is left for future work.

We define a vector       of unknown pa-

rameters, where  and  denote the real and imagi-

nary components of  . From the observed echo signal , the BS estimates the AoA  of the target, while
the other unknown parameters  and  are treated

as nuisance parameters. We assume that  and  are

independent, with their marginal distributions 
and  known a priori.

2.3 ISAC Beamforming Model
We define the data symbol for C-UE  as  with

   . The BS applies ISAC beamforming to the

data symbols ∊  as

 ∊  (6)

where  ∊  × is the ISAC beamforming vector

for .
As will be detailed in the next subsection, the

choice of ISAC beamforming vectors  ∊ 
influences not only the communication performance

for C-UEs but also the sensing performance. By sub-

stituting the beamforming model (6) into the power

constraint (2), we obtain

∊ ∥∥≤ (7)

Furthermore, the covariance matrix of the transmitted

signal vector  , which determines the sensing per-
formance, is expressed as a function of the ISAC

beamformers  as

   ∊  (8)

2.4. ISAC Performance Metrics
The achievable data rate for each C-UE  is de-

termined by the communication SINR defined as

∊ ╲  (9)

For instance, when ideal Gaussian channel encoding

is applied with a sufficiently large blocklength, the

maximum achievable data rate  is given by  log [10]. Thus, when designing the

ISAC beamforming vectors  , we enforce that the
communication SINR in (9) exceeds a predefined

threshold level .
Regarding the sensing, the BS aims to estimate the

AoA  from the received echo signal  . The mean

squared error (MSE) of the AoA  estimate depends
on the choice of estimator and is generally difficult

to evaluate. To facilitate the design, we consider the

Bayesian Cramer-Rao bound (BCRB)[4-6], which pro-

vides a closed-form lower bound on the MSE with

the optimal estimator. Specifically, denoting the esti-

mate of  by  , the MSE    for any esti-
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mator is lower bounded as

  ≥   (10)

where ∊  × is the Bayesian Fisher information

matrix (BFIM), whose -th element is given as

a function of the covariance matrix  by

       (11)

Here,  denotes the number of samples used for esti-
mation, and we have defined the notations:

  
  log  (12)

It is important to note that the second term  in

(11) does not depend on the choice of ISAC beam-

forming vectors  .

Ⅲ. Problem Formulation and Optimization

ur goal is to optimize the ISAC beamforming vec-

tors  to minimize the BCRB    in (10) while

ensuring that the communication SINRs exceed the

given threshold level . This leads to the following

optimization problem:

min    ≥  ∀∊ ∊ ∥∥≤ (13)

Solving (13) is challenging due to the non-convexity
of the objective function and the communication
SINR constraints. Additionally, expressing the ob-

jective function   in a closed-form function of is difficult, as it involves the inverse of a 3-by-3
matrix  . To address the latter issue first, we derive
a closed-form expression of the objective function
through the following two theorems.

Theorem 1. Let   ∊  × denote the

vectorization of a matrix  , and consider the

singular-value decomposition (SVD) of the

matrix    ∊  × given by

        (14)

where  ∊  × and  ∊  ×
are the  -th left and right singular vectors,
respectively, corresponding to the singular
value  . Then, in the expression of   in (11), the expectation operator  ⋅
can be removed, leading to

             
(15)

pf) The result in (15) follows directly by applying

the same procedure as in the proof of [6, Thm. 1].

∎

Theorem 2. Recalling the assumptions that   and    are given in
Sec. II.2, we obatin the following equality:

     (16)

pf) We begin by demonstrating that

     . The matrix    can be

computed as

    
       ×

(17)
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with ∊  × representing the vectorization of. The equality (a) in (17) follows from the in-

dependence between  and  .
From (17), we obtain   for all ∊ …, which leads to

        (18)

Similarly, following the same procedure, we establish

that      . Consequently, the BFIM      exhibits a block-diagonal struc-

ture of the form:

     ××        (19)

Its inverse can therefore be computed using a

block-wise inversion as

      ××        (20)

From (20), it is evident that      ,
completing the proof. ∎

We note that     generally serves as a lower

bound for    [11]. However, Theorem 2 implies

that under our specific problem setting with the as-

sumptions    and   , the bound
becomes tight.

From Theorems 1 and 2, we observe that minimiz-

ing         is equivalent to maximizing

 

   ∊     (21)

Here, we have removed  in (21), since it is not

dependent on the ISAC beamformers  . Additionally,

we have used the identity     for   .
Therefore, the original optimization problem (13) can

be equivalently reformulated as

max    ∊     ≥  ∀∊ ∊ ∥∥≤ (22)

Compared to (13), the problem (22) is more tractable

in the sense that its objective function now has a

closed-form expression. However, solving (22) re-

mains challenging due to the non-convexity of the ob-

jective function and the communication SINR

constraints.

To address this remaining challenge, we adopt the

fractional programming approach[9]. By applying the

matrix quadratic transform[9, Thm. 1] to both the ob-

jective function and the SINR constraints, we re-

formulate the problem (22) into the following equiv-

alent problem, which retains the same optimal solution

and objective value:

 max    ∊ ∥ ∥    ∊ ╲≥ ∀∊ ∊ ∥∥≤
(23)

Unlike (22), the newly formulated problem (23) in-

volves joint optimization over the primary variables and auxiliary variables

   ∊ ×∪∊. This reformulation

has two key advantages:

i) For fixed  , the optimal  that maximize the ob-
jective function and the left-hand side (LHS) of the

first constraint is given in closed form as

  
 ∊ ╲  (24)

ii) Given fixed  , the optimization over  becomes
a convex problem, which can be efficiently solved us-

ing standard optimization solvers such as CVX[12].

Based on these insights, we adopt an alternating
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optimization (AO) approach, where we iteratively op-

timize  and  in an alternating fashion. The detailed
procedure of the proposed AO algortihm is summar-

ized in Algorithm 1.

1. Initialize  as arbitrary vectors satisfying the
SINR and power constraints in (13).

2. Update  according to (24).

3. Update  as a solution of (23) for fixed 
using, e.g., CVX.

4. If  has not changed compared to the old one,
stop. Otherwise, go back to Step 2.

Algor ithm 1. Proposed AO algorithm

Ⅳ. Numerical Results

In this section, we present numerical results to eval-

uate the effectiveness of the proposed ISAC beam-

forming design.

4.1 Simulation Setup and Baseline Schemes
We assume that the target angle  to be setimated

follows a Gaussian prior distribution ∼ .
The channel vector  from the BS to each C-UE is modeled as a Rician fading channel:

    (25)

where  is the Rician K-factor,   re-

spresents the line-of-sight (LoS) component with an

AoA  relative to the BS, and ∼ cor-

responds to the non-LoS component. Throughout the

section, we set   for the sensing channel.

We compare the radiation beampattern and average

BCRB performance of the proposed ISAC scheme

against the following baseline schemes:

Commun.-only: Beamforming vectors  are opti-
mized using a max-min fairness criteriton, aiming to

maximize the minimum SINR min∊   while

disregarding the sensing metric;

Sense-only: Beamforming vectors  are optimized

to minimize the BCRB    without enforcing the

communication SINR constraints. Consequently, this

scheme may violate the SINR requirements for

C-UEs.

4.2 Numerical Results
Fig. 2 illustrates the beampatterns of the proposed

ISAC scheme and baseline schemes by plotting the

array response  versus the azimuth angle 
for a multi-user ISAC system with   ,,    dB,   dB,

,  ∞,  ,  ,  , . The sensing-only beamforming scheme con-

centrates most of the beam power toward the mean

direction   of the target prior distribution.

Therefore, its beam power to the C-UEs is minimal,

suggesting that the communication SINR constraints

may not be met. In contrast, the communication-only

scheme distributes the available beam power almost

equally among the C-UEs’ directions   and

 , while the power directed toward the target

prior mean is significantly lower than that of the sens-

ing-only scheme. This suggests a substantial degrada-

tion in BCRB performance for the communica-

tion-only scheme. The proposed ISAC beamforming

design achieves a well-balanced power allocation be-

tween the target prior mean direction and the AoAs

of the C-UEs. Notably, in this simulated scenario, the

proposed scheme achieves a BCRB performance very

Fig. 2. Array response versus the azimuth angle.
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close to that of the sensing-only scheme while ensur-

ing that the communication SINR constraints are

satisfied.

Fig. 3 presents the average BCRB as a function

of the numbers of transmit/receive antennas  
in a multi-user ISAC system with ,  dB,   dB, ,   dB,

 ,  ,  ,  . As ex-

pected, the communication-only scheme exhibits the

worst BCRB performance, as it does not account for

the sensing metric in beamforming design. Comparing

the sensing-only and proposed ISAC schemes, we ob-

serve a sensing performance loss in the ISAC scheme

due to the additional constraint of satisfying communi-

cation SINR requirements. However, this loss gradu-

ally diminishes as the numbers of antenans  
increase, benefiting from enhanced beamforming

capability.

Fig. 4 depicts the average BCRB versus the com-

munication SINR level  for a multi-user ISAC sys-

tem with   , ,   dB, ,   dB,

 ,  ,  ,  . When

the required communication SINR  is below a cer-

tain threshold, the proposed ISAC scheme achieves

the same BCRB performance as the sensing-only

scheme. However, as  increases, the beamforming

directions must shift more toward the C-UEs’ channel

vectors to maintain communication quality. This ad-

justment reduces the beam power allocated to sensing,

leading to degraded BCRB performance compared to

the sensing-only scheme.

Ⅴ. Conclusion

We have addressed ISAC beamforming opti-

mization for a multi-user system, where a BS serves

multiple single-antenna C-UEs while simultaneously

sensing a target based on echo signals. We formulated

a BCRB-based optimization problem to enhance sens-

ing accuracy while ensuring communication

reliability. Using the matrix quadratic transform, we

structured the problem for efficient optimization and

developed an AO algorithm that ensures monotonic

convergence. Numerical results demonstrated the ef-

fectiveness of the proposed ISAC scheme in balancing

sensing and communication performance as compared

to sensing- or communication-oriented baseline

schemes. Future work includes extending the pro-

posed approach to a networked ISAC system, involv-

ing multiple coordinating BSs possibly with fronthaul

constraints, as well as to more challenging scenarios

such as simultaneous multi-target sensing or environ-

ments with interference from clutters and uplink

transmissions.
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